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In order to settle the problem of the "Post constraint" in material media, we con- 
sider the propagation of a plane electromagnetic wave in a medium with a piecewise 
constant axion field. Although a constant axion field does not affect the wave prop- 
agation in a homogeneous medium, we show that the reflection and transmission of 
a wave at an interface between the two media is sensitive to the difference of the 
axion values. This observation can be used to determine experimentally the axion 
piece in matter despite the fact that a constant axion value does not contribute to 
the Maxwell equations. 
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I. LOCAL AND LINEAR MEDIA WITH AXION PIECE 

Recently, we discussed local and linear media in classical electrodynamics In partic- 
ular, we investigated possible magnetoelectric effects, which are related to the crossterms 
between the magnetic (electric) field strength and the electric (magnetic) excitation. Using 
the premetric formalism of electrodynamics, see ^ ill^l, the most general local and linear 
constitutive relation can be written as 



= (liah - £a bc m c ) B b + (- 7 6 a + s a b - 5 b a s c c ) E b -aE a . (2) 

Here T> a and 7i a are the electric and magnetic excitations, respectively, and E a and B a the 
electric and the magnetic field strengths. The Kronecker symbol is denoted by 5 b , the totally 
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antisymmetric Levi-Civita symbol by e abc and e a b c , respectively. We have 36 constitutive 
functions or moduli: the permittivity matrix e ab = e ba (6 independent components), the 
impermeability matrix fj,~ b = /z^ 1 (6 components), the tracefree principal magnetoelectric 
matrix r ) a \ ) (8 components), the 15 skewon pieces m a ,n a ,s a b , and, eventually, 1 axion piece 
a. Such a local and linear medium with 36 moduli - - called sometimes bi-anisotropic 
has been considered, amongst others, by Lindell, Sihvola, Tretyakov, and collaborators 
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In conventional materials the skewon and the axion pieces vanish and we are left with 

V a = e ab E b + 1 a b B a 1 (3) 
K a = Ai^B'-T 6 .^- (4) 

The principal ma gnet oelectric cross terms induced by 7 a b are known to exist in various 
media, see O'Dell 20j. Such media are described by 6 + 6 + 8 = 20 constitutive functions. 
Eqs.(jSl) and (J1J) represent the most general material considered by Post 12 ill, e.g.. 

The skewon pieces are not considered in this article, see, however, We address 

here the question on whether the axion piece is permitted — thereby possibly extending a 
material with 20 moduli to one with 21 moduli — and if so whether it can be determined 

n 

experimentally by standard methods. In Post [2JJ it was argued that the axion piece has to 
vanish, i.e., a = (and even da = 0). For this reason, Lakhtakia 0,0] (and references given 
there) called a = the Post constraint and advocated it as a condition each medium has 
to fulfill. We quoted in |4( literature in which materials are described (Cr203 and Fe2TeOe) 
that carry an axion piece. Moreover, Lakhtakia, loc.cit., pointed out that a constant axion 
piece a should not be measurable since it drops out of the Maxwell equations. However, 
this is only true if we have an axion piece that is globally constant at all spatial points at all 
times. We will show explicitly that a material with a piecewise constant a can very well be 
investigated experimentally and thereby a measured uniquely. Thus, neither can the Post 
constraint be uphold |4( nor poses the measurability of a a problem, as we will show below. 

Accordingly, we discuss here the case of two neighboring homogeneous media with differ- 
ent but constant axion pieces. They are separated by the plane x = 0, as shown in Fig.l. 
Permittivity and permeability are assumed to be isotropic. Thus, the constitutive relations 



FIG. 1: Two homogeneous media are separated by the plane x = 0. Here (x,y,z) are Cartesian 
coordinates. Moreover: Permittivity e, permeability fj,, and axion piece a, see Eas. and |3Jj. 



for the two half-spaces carry 3 constitutive constants e, \i 1 , and a, respectively, 

V = (ee ) ± E + aB, (5) 
H = (///io) -1 -S -otE , (6) 

with - as the 3- dimensional Hodge star operator and Eq and hq as electric and magnetic 
constants (of the vacuum). We use here the calculus of differential forms, see 

As sideremark let us remind ourselves that (jSJ), ©, formulated 4-dimensionally with the 
excitation 2-form H = (7i, T>) and the field strength 2-form F = (E, B) and in vacuum, 

nnn n 

reduce to axion (Maxwell-Lorentz) electrodynamics (see Ni [16|, [17|, [18|] and Wilczek 28]) 
with the constitutive relation 

H = J^*F + aF. (7) 
V Mo 

Here * is the 4-dimensional Hodge star operator defined in terms of the metric of spacetime. 
The field equations read 

>[^d*F + {da) AF = J , dF = 0. (8) 
V Mo 

It is as if the current 3-form J picked up an additional piece depending on the gradient of 
the axion field. For a/^o/Mo — 0, this corresponds to the pure axion case, that is, to the 
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2i, 



perfect electromagnetic conductor fPEMC) of Lindell anc Sihvola 1 10. 

nn tt 

a structure that is equivalent to the Tellegen gyrator (25J, |26| , see also [4J . The real part of 
Kiehn's chiral vacuum (see jij] and pp. 140/141) is a subcase, for a = const, of axion 
electrodynamics. 

Thus we see that if the axion piece is globally constant, a =const, it does not contribute 
to the Maxwell equations (jSJ), even though it emerges in the constitutive relation (J7|) and in 
the boundary conditions to be discussed in the next section. 



II. WAVE PROPAGATION IN TWO HOMOGENEOUS MEDIA 



The Maxwell equations without charges and currents read 



dV 
dB 








dH - V = 
dE + B = . 



(9) 
(10) 



The calculus of differential forms is used and the conventions of [3J]. In the absence of the 
surface charges and currents, the jump conditions on the boundary surface read (see pp. 
150,151): 



V 



(2) 



B 



(2) 



2? (1) ) | g A v = 0, r A \ (W<a)-W(i))| a = °> 
B {1) ) Az/ = 0, r A \ (E {2) -E {1) )\ =0. 



(11) 
(12) 



Here v is the 1-form density normal to the surface S and t a , A = 1,2, are the two vectors 
tangential to 5*. The constitutive relations were formulated in (j3J) and ©• 

Let S be the plane x = in Fig.l that divides the two parts of space that are filled 
with two different homogeneous material media. For the left half-space x < 0, we assume 
homogeneous matter characterized by constant values £i,)Ui, cui. Similarly, for the right 
half-space x > 0, we have the constant values £2,^2, a 2 - Somewhat related situations with 
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reflected and scattered waves were discussed by Lindell and Sihvola 

Consider a plane electromagnetic wave travelling along the x axis in the left half-space. 
At the interface S, such an incident wave will be partly reflected and partly refracted into 
the right half-space. Accordingly, the ansatz for the electromagnetic field configuration in 
the first medium will be a superposition of the right- and left-moving plane waves. Let 
W y = W y (£i) and W z = W z (£i) be the components of the incident wave with the argument 
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£i := ujt — k\X, whereas R y = R y (f]) and R z = R z {i]) are those of the reflected wave with 
the argument rj := ujt + k±x. Then, with the 1-forms dx, dy, and dz, 

E = (W y + R y ) dy + (W z + R z ) dz, (13) 
B = — dx A \{W y - R y ) dy + (W z - R z ) dz] , (14) 

UJ 

V = s x Sq [{W y + Ry) dz - (W z + R z ) dy] Adx + ai — dxA \{W y - R y ) dy + (W z - R z ) dz] , (15) 

UJ 

H = e l £ ^- [(W y - Ry) dz - (W z - R z ) dy] - a x \{W y + Ry) dy + (W z + R z ) dz] . (16) 
fci 

A direct check shows that the Maxwell equations (JHJ) , (JUIJ) , together with the constitutive 
relations (JSJ),(JBJ), are satisfied provided the only nonvanishing component of the wave covector 
has the value 

umi 

ki = , with m : = \/£lA*i- (!') 

Analogously, the electromagnetic field configuration in the second half-space is repre- 
sented by the right-moving transmitted wave: 

E = Tydy + T z dz, (18) 
B = — dx A{T y dy + T z dz) , (19) 

UJ 

k 

V = e 2 e (T y dz - T z dy) Adx + a 2 — dxA (T y dy + T z dz) , (20) 

UJ 

7~i = ^2^07- {Ty dz - T z dy) - a 2 {T y dy + T z dz) . (21) 

^2 

Here the functions T y = T y (£ 2 ) and T z = T z (£ 2 ), with the argument £ 2 : = &t — k 2 x, describe 
the transmitted wave in the second medium. Analogously to ()17|) we have 

ojn 2 

k 2 = , with n 2 := ^e 2 /j 2 . (22) 



III. HARMONIC WAVES 

For concreteness, we confine our attention to harmonic waves. Then, 

Wj/(£i) = a i cos £i + a 2 sin^i, W z (£i) = feicos^i + & 2 sin^i, (23) 
Ry(r)) = Ci cost] + c 2 sin 77, R z (rj) = d x cos r] + d 2 sin i], (24) 
T y (i 2 ) = Picos^ 2 + p 2 sin^ 2 , T z (&) = q 1 cos£ 2 + q 2 sin£ 2 . (25) 
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In order to construct the complete solution in the two regions, we have to match the con- 
figurations ([T3 j) -(fTE |) and (fT8 |) -(|2*T j) on the interface S. Using the jump conditions (fTTj) and 
(TT2J) with v — dx and ta = (d y , d z ), we find 



(W y + R y )\ = TA 

I x=U lx=U 

(W z + R z )\ = T z \ , 

I x =0 lx=0 



e c 



e c 




H 




(Wy ~ Ry] 

(W z - R z ) 



x=0 



x=0 



£ C \ Ty 

V/i2 

e c x —T z 

V ^2 



x=0 



x=0 



+ [a] T % 



x=0 



x=0 



(26) 
(27) 

(28) 
(29) 



Here [a] := a.2 — ot\ is the jump of the axion field on the interface S. 

The algebraic system (}2l)|) to (|2*9*|) can be straightforwardly solved. It yields the coefficients 
of the reflected (01,2 and d\^) and transmitted {px,2 and qi^) waves as combinations of those 
of the incident wave: 

12 V 
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(30) 
(31) 
(32) 
(33) 



Here := ^y/ex/^x + \/s 2 / ^2 \ + [ a ] 2 Ao • As a consistency check, we can easily see that 
the above formulas, for [a] = (that is, either the axion is trivial everywhere or it has equal 
values for both material media), reduce to the well known expressions of the corresponding 
reflection and transmission coefficients for a plane wave, see Born and Wolf 1\, Sec. 1.5. 

The result obtained clearly shows that despite the fact the constant axion drops out from 
the Maxwell field equation, the electromagnetic wave "feels" the presence of the axion by 
experiencing specific reflection and transmission effects. 



IV. VACUUM WITH AND WITHOUT AN AXION PIECE 

In order to discuss the measureability of a, let us consider the case when the first region of 
the space is vacuum, with ex — /ii — 1 and ax = 0, whereas the second half-space is occupied 
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FIG. 2: On i/ie left-hand side we have pure vacuum and on the right-hand side vacuum together 
with a constant axion piece a. 

by a material substance that has trivial dielectric and magnetic properties, e 2 — A*2 — 1, 
but has a constant axion piece with a 2 = « / 0, see Fig. 2. Let us assume, for simplicity, 
that the incident wave is linearly polarized with the electric vector directed along the y axis, 
which is achieved by putting b\ = b 2 = 0: 

E incidcnt = W y (i)dy= ( ai cos £ + a 2 sin £)dy, Z = u(t-x/c). (34) 

Then we find that the reflected wave is also a linearly polarized wave but with the electric 
vector tilted with respect to the y-axis [i] = u(t + x/c)], 



^reflected = R ^ dy + R ^ ^ = _ ^0 fa CQSr] + ^ sin ^ [( a /Xo) dy + 2dz] , (35) 

4 + a /Aq 



whereas the transmitted wave is linearly polarized with the electric vector also tilted with 
respect to both y and z axes, 

^transmitted = Ty dy + Tg dz = fa CQS ^ + fl2 sin £) fidy - («/A ) dz] . (36) 

4 + o; / Aq 

As we see, when a = the reflected wave is absent and the incident wave propagates from 
vacuum into vacuum without being distorted, _E mcidcnt = ^transmitted _ H owever; w hen 
the reflection takes place! Its presence is direct observational evidence for the axion piece. It 
can be used for the experimental determination of the value of a. A qualitative check of the 
axionic nature of the substance is provided by the fact that the polarization of the reflected 
wave should be rotated with respect to the polarization of the incident wave. Furthermore, 
the quantitative estimate of a can then be extracted from the measurement of the intensity 
and the angle of rotation of the reflected wave that explicitly depend on the value of the 
axion. 
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V. THE GENERAL CASE: OBLIQUE INCIDENCE 

The above analysis can be generalized to the case when the wave is not normally incident 
on the interface between the two media, see Fig. 3. Then, for an arbitrarily moving wave, we 
have in the first medium (left half-space) a superposition of the incident and the reflected 
waves: 

E = (W y + R y ) dy + W z dz (i) + R z dz (r) , (37) 
B = — \dx(i) A (Wydy + W z dz(i)) — dx^ A (R y dy + R z dz^)\ , (38) 

CO 

V = deo [{W y dz(i) - W z dy) A dx^ + (R y dz^ - R z dy) A dx^] 

+ aci — [dxty A (Wydy + W z dz^ — dx( r ) A (R y dy + R z dz(r))] , (39) 

CO 

H = £i£ojr [W y dz {{) - Rydz^) - (W z - R z ) dy] 

- ai [{W y + R y ) dy + W z dz (l) + R z dz (r) ] . (40) 

Here x^ = x cos^i + z sin^x, = — x sin^x + z cos^, xm = x cos9 2 — z sin #2, zm = 
x sin 9 2 + z cos 9 2 describe the local coordinates adapted to the incident and the reflected 
wave, respectively, whereas 

= aicos£i + a 2 sin£i, = b x cos£i + 6 2 sin^i, (41) 

Ry{rf) = c\ cost] + c 2 sin rj, R z (rj) = di cos r] + d 2 smr], (42) 

with £i = cot — kxXM and rj = cot + k\Xi r )- The angles Q\ and 9 2 give, as usual, the angles 
of the incident and the reflected waves with respect to the normal of the interface S. 
The transmitted wave in the right half-space has a form similar to (jl8j) - (j21j) : 



E = Tydy + T z dz( t ), (43) 

B = — dx (t) A (T y dy + T z dz (t) ) , (44) 
to 

k 2 

V = e 2 e (T y dz {t) - T z dy) A dx^ +a 2 — dx® A (T y dy + T z dz^)) , (45) 

CO 

H = £2£oy- {Ty dz(t) - T z dy) - a 2 (T y dy + T z dz {t) ) . (46) 

K 2 

Here we denote X( t ) = x cos 6^ + z sin #3, Z(t) = —x sin #3 + z cos #3, where 6*3 describes the 
refraction angle. Similarly to (|25j) . we have 

^(6) = Pi cos £ 2 + P2 sin f 2 , T z (^ 2 ) = q 1 cos £ 2 + q 2 sin f 2 , (47) 
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X 



FIG. 3: Oblique incidence. The wave W is TZeflected and Transmitted. 

with the argument £ 2 = — k 2 X(t). 

Now, the jump conditions (fTTj) and (fr2j) yield 



(W s + R y )\ = TJ 

I x=z=U I x=z=(j 

(W^ cos^i + R z cos# 2 )| — 2^ cos #3! , 

I x=z=0 I x=z=0 

= ( e c. —T y - [a] T z ) cos 6- 

x=z=0 V V ^2 / 



Eoc^~^- (Wy COS 6*i — i? y COS# 2 

e c,[^(W z -R z 
V /"1 

fci (Wy sin #1 + _R y sin 2 ) 



x=z=o' 



x=z=0 



+ [a] i; 



X=Z=0 y yU 2 

= k 2 T y sin 3 | 

x=z=0 lx=z=0 

T y sin 9, 



4=Z=0' 



(48) 
(49) 

(50) 

(51) 
(52) 

(53) 



e^o (W z sin6»i - sin0 2 )| = (eieo'-* ■ ■ > 

lx=z=0 \ UJ J x=z=0 

The last two equations (when combined with the rest) yield the well known result that relates 
the angles of incidence, reflection, and refraction, namely, sin#i = sin# 2 (law of reflection) 
and rti sin 9\ = n 2 sin #3 (law of refraction). In addition, from the algebraic system (j48jl -(|51 jl . 
we find the coefficients of the reflected (ci j2 and dip) and transmitted (pi j2 and qip) waves 
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as 



combinations of those of the incident wave: 

COS0 3 ||Y £ 1 £ 2 N 2 \ Q / £ 1 £ 2 ( Q Q \ 
COS 0i + a / (COS 0i — COS 3 j 

\fJ>l K J V ^1^2 



Cl,2 = 



1,2 



Ol,2 



+ Jo} /eT ^ os ^ + cog ^ 6 ^ 
Ao V 



(54) 



COS 3 



+ 



"T" A ( cos + cos ^2) Oi,2 
Ao V ^1 

COS 01 + a ( cos q 3 — cos 01 ) 

V A*iA*2 




Hi /i 2 



/£l (COS 0i + COS 2 
Pl.2 = \/ 7 ^ 



COS 3 6i j2 



91,2 = 



/il 



) / V ^1^2 J 

*f^- COS 3 + a[^- COS 2 J CL10 + ^ 

, V A*i V A*2 / A 

J— COS0 3 J 61,2 



(55) 
, (56) 
.(57) 



Here we denoted A = ^cos 2 a/ £ i/a*i + cos ^3 ^£2/^2 j ( cos #3 \ 
cos 2 cos 3 [«] 2 /Aq. For the special case 9 2 = 3 = 0, we recover 



£1 (cos 0i + cos 2 ) [Ho ( [ei a 

7 - — cos 2 ai 2 + I \ — cos 2 + 

A [ A V V A*i 

j (cos 3 y/ejui + cos 2 y/e 2 / flQ ) 
we recover A 1 . 



+ 



VI. THE MEASUREABILITY OF THE AXION PIECE 

As we saw, we can read off from the coefficients ci j2 and di j2 of the reflected wave the 
jump [a] of the axion piece. In principle, one can also measure the axion piece by means of 
observing the properties of the transmitted wave inside the medium. However, the study of 
the reflected wave alone is clearly preferable as it provides a simple and elegant scheme of 
experimental determining the properties of a substance without destructing the latter. 
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